


AN OBSERVATION ABOUT THE HUYGENS
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1 Introduction

In February 1665, Huygens discovered that two pendulum clocks attached to the same
support synchronise themselves spontaneously. In his own words:

... horologiorum duorum ... miram concordiam observaveram, ita ur ne_minimo gquidem

7 . ; T
excessu’ alterum ab altero superaretur. ... Pendebant horologia ex suo quodque tigno 3 circiter
pollicum crassirudine quorum extrema sedibus duabus pro fulcris innitebanrur [1].

Moreover, each pendulum soon settles in an oscillatory movement that is half a cycle out of
phase with respect to the other one:

Horum reciprocationes ita componebantur ur simul semper accederent ad se mutuo ac simul
recederent: alia ratione ire coactae non manebant sed illuc ultro revertebantur, ac deinde
invariatae permanebant [2].

In the hope that spontaneous synchronisation would improve the accuracy of time-
keeping at sea, Huygens investigated this phenomenon in detail, and, by the first of March,
he had correctly identified its cause as being the capacity of the support to transfer vibrations
berween the pendula:

Utrique horologio pro fulcro erant sedes duae quarum exiguus ac plane invisibilis_motus
pendulorum agitatione excitatus sympathiae praedictae causa fuit, coegitque illa ur adversis
ictibus semper consonarent 3] 2

What Huygens seems not to have done, however, was to design a single clock with rwo
pendula, especially arranged for the latter to be close together, for instance, one behind the
other. The possibility of building a twin-pendulum clock would have to wair until the early
1780s before being put in practice by the French clockmaker Antide Janvier and, slightdly
later, by Abraham-Louis Breguet, who was of Swiss origin. In addition, after gaining
experience with twin-pendulum clocks, Breguet produced pocket watches with two balance-
wheels.? The concept of twin-oscillator clocks and watches lay then dormant for almost two
hundred years.

In the year 2000, however, Stephan Gagneux and Beat Haldimann designed and built a
twin-pendulum clock [8-11] after being inspired by one of Breguet’s clocks (6], which
Haldimann had seen at an exhibition. Furthermore, around the same time, a watch with two
balance-wheels was built by Frangois-Paul Journe [7, 12].* (There too, Breguet’s work
provided the inspiration [7].) The two-century gap was thus bridged, and, since then, the
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horological world has witnessed several other endeavours along the lines of time-keepers
based on spontaneous synchronisation of twin-oscillators.”

During the “period of dormancy”, roughly between 1800 and 2000, theoretical investi-
gations of Huygens’s observation seem to have been scarce (to the best of our knowledge),
with the notable exceptions of Korteweg’s classical work [5] and of that of Bleckhman [13].
On the other hand, at the National University of Ireland, Cork, we had always retained an
interest in the Huygens problem, mainly from the point of view of a particular aspect of
Classical Mechanics, which will be specified hereafter. This had led us to a generalisation of
the Huygens problem, which seems not to have been discussed in the literature.

More recently, the original Huygens problem has attracted a good deal of attention [14,
15]. However, the aforesaid generalisation still remains unpublished; yet it contains an
important feature that is absent from the original problem. Moreover, this feature may have
a certain relevance for the behaviour of the Gagneux-Haldimann clock of the year 2000.

Given the well-known contributions of David Speiser to the field of History of Science,
and his long-standing interest in the foundations of Mechanics (classical and relativistic), it is
proper and fitting that we honour him, on the occasion of his eightieth birthday, by
introducing here what we shall call the ‘Generalised Huygens Problem’. It is not our aim to
present a complete study of this question; we rather wish to draw attention to the existence
of this generalisation. We leave to the reader the pleasure of adapting the powerful methods
of [14, 15] (when appropriate) to treat our generalisation.

In the forthcoming Section 2, we shall define the generalised Huygens problem, and set
up its proposed mathematical description. Then, in Section 3, we shall display a simple
extreme case, which will emphasise the new feature present in the generalised problem.
Finally, we shall give a few indications on how the general case may be handled.

2 Fundamental Equations

For our purposes, it is not necessary to repeat the whole analysis of the original Huygens
problem. It will suffice to recall [5, 14] that, in the original problem, one considers two
pendula attached to a horizontal beam, which is allowed to move longitudinally, i.e., parallel
to its own length. Let the displacement of the beam with respect to a certain origin be
denoted by Y . The beam is supposed to be subjected to the horizontal linear restoring force
Fg=—kgY , where kg is the horizontal stiffness constant. The problem under investigation is
then to determine the motion of the coupled system of the beam and the two pendula.

On the other hand, the Gagneux-Haldimann twin-pendulum clock of the year 2000 has
its two clockworks side by side, and its two pendula are hanging “one behind the other on a
single bracket between them” [8]. (See the photographs in [6, 8, 9].) In this geometry, the
two suspension points of the pendula suffer rwo different displacements when the bracket
undergoes a deformation, because the deflection of the bracket may (ideally) be considered as
vanishing at the point where the bracket is attached to the case of the clock, whereas it is
maximal at the free extremity § of the bracket. Moreover, § may, a priori , move both
vertically and horizontally.

3 For recent developments, see {7].
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Fig. 1. Geometry of the generalised Huygens problem

Let the  -axis be horizontal and pointing positively to the right (fig. 1). Let the X -axis
be vertical and pointing positively downwards. Let the undeflected bracket be a horizontal
segment, perpendicular to the (X,7) plane, with its point of attachment located at the

origin. Let also the coordinates of the extremity § of the bracket be denoted by (X, ¥). They
are non-vanishing when the bracket is deflected.

By using the equations of the “beam-bending” problem, it is established (and analysed

critically) in the Appendix that the coordinates (X< Y, ),1 <1 <2, of the suspension point of

7

Pendulum i may be related to (X, Y') by
X, =a/X,Y,=q,Y, 2.1

where @; and @] are constants lying between zero and one. To recover the original

Huygens problem, in which the beam moves exclusively along the 3 -axis, and the

suspension points of the two pendula experience the same displacement as the beam, it
suffices to restrict attention, in (2.1), to the special case

al=0, o =a,=1. (2.2)

Henceforth, we shall call ‘general’ the Huygens problem for which no restriction is imposed
on @; and a;.

Let us now assume that the deflection of the bracket is so small, compared to its length,
that the pendula still move in vertical planes. It is then clear that a point P; situated at a
distance d;along the rod of Pendulum i has the coordinates

x; =X, +d;cosf, =a}X +d, cosb, (2.3)
y; =Y, +d,;sinf;, = ;Y +d;sind,, (2.4)

when Pendulum i makes an angle 6; with respect to the vertical. The rest of the treatment is
straightforward, and need only be sketched.

For the Lagrangian Z, we adopt the form
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L= Lpendu/a + Lbracket (25)
=%Zm,(x,2 +)'/,-2)+ Zmigxi +
l 1 (o0 o2 I_l 2 2
+2y(X +Y ) 2(kAX +kgY )+,ng, 2.6)

in which g, m;, u, k4 and kg denote, respectively, the acceleration of gravity, the mass of
Pendulum 7, the mass of the bracket, and the two stiffness constants of the bracket. The first
term on the right-hand side of (2.6) expresses the kinetic energy of the pendula. Con-
sequently, in full generality, the constants d; present in x,2 and y,2 , through (2.3) and (2.4),
must be taken as the radii of gyration. The second term describes the gravitational potential
energy of the pendula, so that the constants d; present in x; are the distances berween the
suspension point and the centre of mass of each pendulum. The remaining terms model,
phenomenologically, the bracket as a two-dimensional anisotropic harmonic oscillator® in
the gravitational field.

In addition to L, we need the generalised dissipative forces ®. They may be derived either
from the virtual work JW that they produce [16], or (equivalently) from Rayleigh’s
Dissipation Function [16] for viscous friction. If the air is at rest with respect to the (X, )

axes, one writes:

O, SX + D, + Y ®, 86, = W = —I(X8X +Y5Y )= 3 7, (1,6, + 3,,), 2.7)

where I" and y;are the constants of viscous friction of the bracket and the pendula.

To diminish the amount of algebraic labour, let us now concentrate on identical, simple
pendula of length £. It is elementary to replace (2.3), (2.4) with d; = ¢ in (2.6), (2.7), and
to express Lagrange’s equations, to find the linearised equations of motion as being

X+iX+QjX=§ (2.8)
T4
- 2 . 2 m 2 .. 2
Y+—Y+Y+— ) a|Z,+—2z, |=0 2.9
Tp ? MZ:: ( T j 29
. 2. 2 . 2. .
Zi+;2i+ZUOZi+Y+;Y—0, 1<i<?2. (210)

In (2.8)—(2.10), the constants 74, 7 and 7 denote the relaxation times of the bracket and the
pendula, whereas Q4, Qg and o, stand for the angular frequencies of the undamped bracket
and the pendula. (They are easy to relate to the quantities T', y, m, u, a;, &}, g, £, k4 and kz.)

Furthermore, M, g and z, are defined by

® Some of the brackets used by our students for their experiments performed in 2002 were deliberately
supported by springs.
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M.=_,u+mZ:ozi2 (2.11)
EEg(ﬂ+mZa£J/[u+mZa}2] (2.12)
2, =06,/a,. (2.13)

It is enlightening, in order to improve our physical understanding of the problem, to
multiply (2.10) by ma;, which yields

i (2.14)
m%?(a[Y+£9,-)+%m%(aiY+ 06,)+mgb, =0.

The interpretation of (2.14), as Newton’s Second Law for the pendula, is quite clear, because
the combination @, + ¢6; represents the (linearised) displacement of Pendulum 7 along the

¥ -axis, with the contribution ;Y from the motion of the bracket duly taken into account.

The form (2.14) also justifies intuitively why, in (2.10), the velocity Y of the bracket
appears together with the relaxation time 7 of the pendu/a.

It would be incorrect to attempt to obtain the equations of motion by expressing first
Lagrange’s equations in the absence of friction, and then adding “by hand” a term
proportional to the velocity, in the hope of describing dissipation. Such a naive procedure
would yield, instead of (2.8)—(2.10), the equations7

. ) _ (2.15)
X+—2—X+.(2§X=g
Ty
.. . - 1
Prlyr @y =" a2 (2.16)
Ty M =
z,.+gz',.+a)§z,. =-Y,1<i<2. (2.17)
T

We shall state later some of the consequences of (2.15)—(2.17), and compare them with
those of (2.8)—(2.10).

Note that one ingredient is still missing from (2.8)—(2.10), namely the influence exerted
by the clockworks on the pendula, which may be considered as described by external driving
terms due to appear on the right-hand side of (2.10). We have methods {18] to incorporate
this influence, but we prefer not to complicate the matter unnecessarily by introducing any
driving terms here, because the new feature that we would like to point out occurs even in
the absence of such terms. Moreover, owing to the fact that the system (2.8)—(2.10) is linear,
it may be solved by elementary methods.

As stated in [14], a reasoning based on the undriven problem is “instructive, has the
essential ingredients, but is incomplete since it ignores the energy input altogether.” The

" This aspect of the Huygens problem provides a realistic example, much appreciated by students [17],
illustrating the importance of the method of Virtual Work in a dissipative situation.
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reader might like to adapt to the generalised Huygens problem the treatment of the driving
forces that was employed in [14] for the original Huygens problem.

At this stage, it is already clear that the vertical movement of the bracket decouples from
the pendula, and may be ignored in what follows. Furthermore, if the two equations (2.10)
are replaced by their sum and their difference, and use is made of the change of variables

2X=z+2,,2A=2,-2z2, (2.18)
2.19
u=wyt, ’Ei, Q=wo,7, ( )
du
one obtains

2.20
S N S (2.20)

1 2 ’ ’
A +§A +A=0. (221)

The interest of keeping the constants a; arbitrary in all this development will now become
obvious when the change of variables (2.18), (2.19) is performed in (2.9). Indeed, with the
notation

Op=w@)75, 0= (ZUO/QB)2 (2.22)
ﬂzl—m(a12+a22)/M:y/M gzm(alz—azz)/M’ (2.23)
the equation for Y reads
(2.24)
Y”+iY’+lY=(,B—1 S Y —g(AuzA']
Op O 0 0
=(p-1 2"+—é—2' + A, (2.25)

where, for the last step of (2.25), we have employed (2.21).

When a; =a, =1, the parameter &£, defined in (2.23), vanishes. Then, the equations
(2.20), (2.21) and (2.25) reduce to those of the original Huygens problem. In this special
case, the horizontal motion of the bracket couples to the conjunction mode X of the pendula
but not to their opposition mode A, as it is well known [14].

The situation is crucially different when @, # &, : As a result of (2.23), the parameter &

no longer vanishes, and the function A acts as a driving term on the right-hand side of
(2.25). Such a phenomenon does not occur in the original Huygens problem. It is important
to emphasise that, in general, the driving term A is ¢ransient, because it follows from (2.21)
that A is given by

A(u):e_”/Q(Acosru+Bsinru), r? EI—Q_2 , (2.26)

for two arbitrary constants 4 and B.
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In order to illustrate the effect of the A-term in (2.25), we are going to study, in the next
section, an extreme case where the influence of A is predominant. Later, we shall show how
to adapt this approach to render it applicable in general.

REMARKS

Although we shall constantly refer to the functions £ and A as describing the
conjunction mode and the opposition mode, it is important to realise that the
terms ‘conjunction” and ‘opposition’ must be understood in a generalised sense,
which befits the generalised Huygens problem (and reduces to the ordinary sense in
the original Huygens problem). Indeed, if one returns to the definition (2.13),
(2.18) of £ and A, one sees that these quantities depend on a;, so that, in general, it
is not true that 8, and 0, have opposite signs when X vanishes. For future
convenience, let us introduce new functions, Sand D, by putting

28 =0(6,+6,)=(a, +a; ) +(a, —a, )A (2.27)
ZDEZ(BI —62)2(051 —a2)2+(a1 +a2)A. (2.28)

The functions § and D represent “conjunction” and “opposition” in the ordinary
sense, and coincide with X and A (respectively) if o) =a, =1.

If the equations (2.15)~(2.17) are used instead of (2.8)—(2.10), it follows that
(2.20), (2.21) and (2.25) are replaced by the set

2.2
E"+£Z’+E+Y":O (2.29)
¢ 2 (2.30)
A"+=A+A=0 )
2 1 2
Y'+—Y'+—Y= ﬂ—l)2”+g[A+—A’j

On the other hand, for identical compound pendula, the correct analogues of
(2.20), (2.21) and (2.25) read

2.32
Z”+£E’+Z+Y"+—2-CY’=O 232)
" 2 r
A"+ =A"+A=0 (2.33)
Y"+iY'+lY=(ﬂ— {Z"+£c2’j+({A+£(l—c)A} , (234
O 6 0 0

where ¢ denotes the ratio of the radius of gyration of the pendula to a length
characteristic of the friction. (The value of ¢ for simple pendula is ¢ = 1) It is
enlightening to see (2.29)—(2.31) emerge from (2.32)—(2.34) in the non-physical
limit ¢ —0, the other parameters remaining unchanged.

This is all we wish to say about the case of compound pendula and about its
relationship with (2.29)-(2.31). In what follows, we shall return exclusively to
(2.20), (2.21) and (2.25).
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3 Special case

Consider the case where the pendula themselves are undamped (Q = %), but the bracket
experiences friction (Qp < o0). In this limit, the effect of A is greatly exacerbated, because, by
virtue of (2.26), the influence of A on the right-hand side of (2.25) is no longer transient,
but permanent.

To decouple the equations of motion (with Q = ), we begin by adding (2.25) to (8 -1)
times (2.20), and we find Z in terms of Y'and A as being
(1—,3)2=ﬁY"+iY'+lY—gA. 3.1)
Op o ’

When this expression for T is inserted in (2.25), and use is made of (2.21), the resulting
equation, which determines Y , is

[z 2 m ! "
B5Y +Q—(Y +Y)+(1+8)"+Y =0. 3.2)

B

It would be simple, but tedious, to solve (3.2) exactly. In the present note, however, it will

suffice to treat the problem perturbatively at first order in Q' . This is elementary because,

when Qg is infinite, the characteristic polynomial of (3.2) is a biquadratic equation. The
final answer for Yreads

Y(u)=e 9 (4_cosru+B_sinru)+e ™ (4, cosr,u+B, sinr,u), (3.3)

in which A, and B, are integration constants, whereas Q. and r, are known in terms of the
parameters 5, 6 and Q. One has, for instance,

(l+5)l
1+8)(17F 2 )28

It is not excluded, a priori , that O, or Q- might turn out to be negative (or even complex),
but, for the values of § and & that apply to the experiments that our students performed in
2002, both O, and Q- are real and positive. Consequently, when u tends to infinity, Y tends
to zero.

0-~205 5 jo 2=li-apslico) | 64

In this limit, (2.26) and (3.1) imply that T becomes

3.5

s ﬂg IA (3.5)
a; —af

%(A cosu + Bsinu) (3.6)

In terms of the function S, the result (3.6) may be reformulated as

o I
So>@ma—5—3

(Acosu+Bsir1u). (3.7)

Therefore, if a, and o, are different, the conjunction modes £ and § do not disappear
entirely when u tends to infinity.
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A similar method may be employed when both Q and Qp are finite. In the next section,
we shall provide a few indications about the treatment of this more general case.

4 General Case

Let us again begin by adding (2.25) to (# - 1) times (2.20), now without assuming that Q
is infinite. The analogue of (3.1) reads then

(1-B) = BY"+2[1/Qs - (1- )OI +Y/5 —en . (4.1)

When (4.1) is inserted in (2.25), and use is made of (2.21), the following equation is
obtained for Y :

g2, --agel 1o Ghiea--phefre

+2(8/Qp +1/Q)Y' +Y =0,
which should be compared with (3.2).

The solution of a differential equation of the kind of (4.2) is always a linear combination
of trigonometric functions multiplied by exponentials. Therefore, at least for some values of
the parameters, the function Y is expected to decay exponentially. Given that, by virtue of
(2.26), the function A also decays exponentially, (4.1) predicts that the conjunction mode X
decays exponentially as well.

This observation is not surprising, because the presence of dissipation in both the bracket
and the pendula renders inevitable that the whole system tends, asymptotically, to a state of
rest. It would be feasible to calculate the relaxation times for £ and A, so as to determine
which of the modes decays faster, but our method based on undriven oscillations shows here
its limitation. To obtain genuinely useful information on the generalised Huygens problem,
beyond the case ) = o, it is necessary" to incorporate a driving mechanism, as in [14].

5 Conclusion

In this note, our purpose was simply to point out how Huygens’s original problem of the
spontaneous synchronisation of two pendulum clocks attached to the same beam may be
generalised to take into account circumstances in which the suspension points of the two
pendula may receive unequal/ movements from their support. In this case, the motion of the
support couples not only to the conjunction mode of oscillation of the pendula (as in
Huygens’s original problem), but also to their opposition mode.

In the limit of frictionless pendula atrached to a damped support, the system is then seen
nor to settle purely in the opposition mode, but a certain residual conjunction is exhibited.

® There is a conjecture that one may, perhaps, be tempted to make. It arises from noting first that the
driving mechanism, in the original Huygens problem, prevents the opposition mode A from decaying
(for some values of the parameters). Moreover, in the (undriven) general Huygens problem, the
assumption Q = o produces exactly the same effect on A. The case Q = 0, in the (undriven) general
Huygens problem, may thus be more realistic than one might have thought initially, and there is some
plausibility in the belief thar a behaviour of the kind (3.6), (3.7) is possible. A detailed investigation of

this matter is essential before a firm conclusion can be reached.
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This has only been proved here, by virtue of (3.6), (3.7), in the absence of any driving
mechanism transferring energy to the pendula. The reader might like to investigate whether
the potentially new phenomenon described above may be overshadowed by the influence of
a driving mechanism, or whether it may be due to an unrealistic assumption made in our
mathematical treatment.

6 Appendix

Consider the classical problem of the weightless cantilevered beam, as described in stan-
dard textbooks. Here, we shall adopt the treatment of Feynmann in his Lectures on Physics

[19].

Let a weightless horizontal beam 8 be partially embedded in a thick vertical wall 2¢/, so
that a known length Z of 8 is projecting out of #/. A force F is applied vertically downwards
to the free extremity € of 8. Then, the vertical deflection z that 8 experiences at a distance x
from %/ is given by [19]

6z = kFx* (3L—x), (6.1)

where k is a constant involving Young’s modulus and the cross-section of 8. (The radius of
curvature of 8 is assumed to be much larger than the thickness of 8.)

If Z denotes the deflection of the free extremity 4 , it follows from (6.1) that
3Z = kFL, ©2)
which enables one to eliminate kF from (6.1), and obtain

2:=Zx 3L -x)/1* . 6.3)

Consequently, a point P situated, along the beam, at a distance xp =cpL from the wall, for

a known constant cp, is deflected by the amount

22p=Z(3-cp)ck. (6.4)
This result may be rewritten as

zp=apZ (6.5)

ap E(3—CP)C‘%>/2, (6.6)

and it establishes that the deflection of an arbitrary point along the beam is proportional to
the deflection of the free extremity. It was used in Section 2 under the form (2.1).

If one wishes to assess the practical applicability of (6.5), (6.6), one must distinguish
carefully the main statement (6.5) from the evaluation (6.6) of ap . It is clear that the latter
relies on the details of the curve (6.1), and thus on all the hypotheses underlying the ‘beam-
bending’ problem. For instance, the beam is partially embedded in a thick wall, which means
that one of its extremities is rigorously immobile.

In the case of a twin-pendulum clock, it is conceivable that the bracket supporting the
pendula, instead of bending significantly, may remain rather rigid, and may partially
communicate the motion of the pendula to the case of the clock, which may then oscillate
(microscopically) from side to side. In other words, (6.6) might not be accurate in all
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circumstances, because the hypothesis that one of the extremities of the bracket is rigorously
immobile may not be well satisfied. An oscillating clock case would bring us back, very
largely, to the original Huygens problem. Be that as it may, the original problem is
compatible with (6.5), as we have shown in Section 2, provided appropriate values are

adopted for the parameters «; and @] in (2.1).

A realistic situation would probably involve a certain amount of bending of the bracket,
combined with a certain amount of oscillation of the clock case, so that the values of &; and

12
aQ;
of the original problem. At any rate, as soon as any bending takes place, the suspension
points of the two pendula receive different movements from the bracket, which is precisely

what (6.5) is allowing for. Consequently, one may consider (6.5), and more generally (2.1),

in (2.1) would correspond neither exactly to the predictions of (6.6), nor exactly to those

as a reasonable prototype of such a situation. In practice, however, the values of a; and &;

depend crucially on the details of the suspension system of the pendula, and they may be so
close to those of the original Huygens problem that the potentially new feature contemplated
here may not be observable.

From the available photographs, it seems that the bracket of Janvier’s twin-pendulum
table regulator [6] is supported in its centre, and has one pendulum on each side, whereas the
Gagneux-Haldimann clock [6, 8, 9] of the year 2000 has a bracket supported ar one
extremity only, with one pendulum closer to the supported extremity than the other one.
Therefore, our generalisation might have a certain relevance for the latter clock, as opposed
to the former. Note that Stephan Gagneux’s second clock, which was exhibited at the 2003
Basel Fair, has a completely redesigned bracket, which appears to be supported at the two
extremities (at least inasmuch as one can judge from a photograph [7]). One would thus
expect to be much closer to Huygens’s original situation than for the first clock.
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